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Abstract 
This paper investigates the interval thermoelastic analysis for the responses of elastically restrained steel beams under a 
linear temperature gradient. Previous studies of thermal responses of such beams have been based on the assumptions 
that the properties of the materials and the geometry of the beam and elastic restraints, and the thermal expansion 
coefficient of the material are predetermined, and no uncertainties in these properties have been taken into account. 
However, the material and thermal properties of steel, the elastic stiffnesses of the restraints, and dimensions of such 
beams are often subjected to a certain amount of scatter in their values and so the uncertainties of these parameters have 
to be considered in the thermal responses analysis. In practice, it is difficult to estimate experimentally the 
autocorrelation function, or spectral density function of the stochastic variation of these properties. Hence, in this paper, 
uncertainties of these parameters are accounted for by use of interval modelling of uncertainties. Both upper and lower 
thermoelastic responses are calculated using an interval valued extension of real solutions so that designers may have a 
better understanding of the actual responses of elastically restrained steel beams under the linear temperature gradient. 
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1. Introduction 
Thermoelastic analyses of structures are usually based on deterministic geometric and material 
properties of structures (Pi and Bradford 2008, 2010a, 2010b, 2010c). However, in reality, the material and 
geometric properties of all structures possess some degree of uncertainty due to physical and geometric 
imperfections, manufacturing and fabrication errors, model inaccuracies, and system complexities. Hence, 
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without accounting for the material and geometric uncertainties, deterministic modelling for structural 
analyses cannot predict the structural response correctly when uncertainties exist. To reflect the real 
geometric and material properties of a structure, uncertainties in these properties have to be considered in 
the structural analysis. Neglecting the material and geometric uncertainty in an analysis may well lead to 
computed failure loads that are in error or even unsafe.  
Traditionally, probabilistic approaches can be used to account for such uncertainties, under the premise 
that the statistical parameters of uncertain quantities are presumed to be known. The statistical parameters 
in turn must be inferred from experiments and/or measurements. Meaningful probabilistic analysis is 
conditional on the correctness of the probabilistic characterization of the input variables and functions.  
Hence, for probabilistic approaches, it is important to obtain appropriate measurement data and sufficient 
statistical information to justify the probability densities of the random variables. In many instances, 
however, the available data of such measurements and statistical information are too limited and scarce to 
permit a probabilistic analysis. As pointed out in Elishakoff et al. (2001), even small errors in probabilistic 
data may lead to large errors in estimating the probabilities of failure loads. In this case, a discipline called 
interval analysis, can be used for structural analyses and for applied mechanics problems to account for the 
uncertainties. This discipline does not create the probabilistic models out of very limited or absent data, but 
it does represent a new technique for such special yet often encountered situations. In the interval analysis, 
the uncertain input variables, vectors and matrices are defined in closed bounded intervals and the bounded 
output variables, vectors and matrices are sought through various interval analytical and numerical 
approaches.  
This paper presents an investigation of the interval thermoelastic analysis of elastically restrained steel 
beams under a linear thermal gradient using the intervals to consider the uncertainties of material and 
geometric parameters of the beam and restraints. 
 
 
Figure 1: An end-elastically restrained beam under a linear temperature gradient 
2. Mathematical Background 
2.1. Interval arithmetic 
For the purpose of the thermoelastic responses of the elastically restrained beams with uncertain material 
and geometric parameters, the uncertainties of these parameters can be defined by intervals. An interval 
number means a closed bounded set of real numbers, defined by (Moore 1979) 
> @ ^ `:,IX x x x xx x  d d                                                      (1)
where IX  is a set of number and is called an interval, and x  and x  are the endpoints of the set (or 
of the interval). The interval has a dual nature of both the set and the number, representing a set of numbers 
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by a new kind of number. For the convenience of operation, the mean value (or midpoint) and the deviation 
(or radius) of an interval can be defined as 
   and
2 2
m x x x xx m xx
   '                                                         (2) 
respectively. An interval IX  can then be expressed by  
> @ '''' xexxxxxX mmmI   ,                                               (3) 
where the interval ǻxeǻ is the uncertainty interval of the interval 
IX and eǻ=[-1,1]. 
An interval XI can also be expressed as (Gao 2006, 2007) 
, with ,1 1 1 1I m m m I IF Fm m m m
x x x xX x x x X X
x x x x
ª º ª º' ' ' '§ · § · § · § ·      ¨ ¸ ¨ ¸ ¨ ¸ ¨ ¸« » « »© ¹ © ¹ © ¹ © ¹¬ ¼ ¬ ¼
,      (4)
where IFX  is defined as the factor interval of the interval 
IX . From equation (4), the endpoints of the 
factor interval IFX  are 
1 1 and 1 1
2 2F Fm m m m
x x x x x xx x
x x x x
'  '         ,                           (5)
and the mean value (midpoint) and deviation (radius) of the factor interval IFX  can be obtained as 
1 and
2 2 2
m F F F F
F F m m
x x x x x x xx x
x x
   '  '    .                             (6)
The arithmetic operations of two intervals IX  and IY  can be defined as 
> @ , ,,I I y y x y x yX Y x x      ª º ª º¬ ¼ ¬ ¼ ,                                       (7)
> @ , ,,I I y y x y x yX Y x x      ª º ª º¬ ¼ ¬ ¼ ,                                        (8)
> @    , , , , , , ,min , max,I I y y x y x y x y x y x y x y x y x yX Y x x ª º    ª º¬ ¼ ¬ ¼ ,           (9)       
> @ > @ 1 1, , ,if 0,,
I
I
x xX y yx x y yy yY
ª º
    ª º« » ¬ ¼ª º ¬ ¼¬ ¼
.                                        (10)
It is noted that 0I IX X   and / 1I IX X   only when the radius of XI is equal to zero. 
Otherwise, > @ > @1,1,    mII xxxxxXX and > @xxxxXX II /,//   if x > 0 and 
> @xxxxXX II /,//   if 0x . 
2.2. Interval function 
A function whose interval values are defined by a specific finite sequence of interval arithmetic 
operations is defined as a rational interval function. An interval function  1 2, ,...,I I I InF X X X of n 
interval variables 1 2, ,...
I I I
nX X X is inclusion monotonic (Moore 1979) if 
, 1, 2,...,I Ii iY X i n                                                                     (11) 
implies that 
   1 2 1 2, ,..., , ,...,I II I I I I In nF FY Y Y X X X .                                                   (12) 
If an interval function is inclusion monotonic, the interval calculation of the function can be simplified. 
If f is assumed to be a real function of n real variables x1, x2, …, xn, its interval extension is an interval 
valued function  1 2, ,...,I I I InF X X X  of n interval variables 1 2, ,...I I InX X X  with the property 
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1 2 1 2, ,..., , ,..., , for all real argumentsI n nF x x x f x x x .                           (13)
In other words, an interval extension of a real function is an interval valued function which has real value 
when the arguments are all real and coincides with the real function. 
For a real rational function of real variables, the real variables can be replaced by the corresponding 
interval variables and the real arithmetic operations can be replaced by the corresponding interval 
arithmetic operations. As a result, the real rational function has been extended to a rational interval function, 
and then an interval value of FI contains the range of values of the corresponding real function f when the 
real arguments of f are in the intervals of the interval variables of FI. 
3. Thermoelastic Analysis in Real Domain 
Before carrying out the interval thermoelastic analysis, the deterministic thermoelastic analysis of 
elastically restrained beams under a temperature gradient in the real domain is investigated first. The axes 
oyz shown in Figure 1 are used to describe the deformations of the beam under the thermal loading 
produced by the temperature gradient. The following assumptions are used in the thermoelastic analysis of 
this paper: 
x The beams are elastic and slender and their deformations satisfy Euler-Bernoulli hypothesis. 
x The states of temperature and deformation are treated as time-independent, and this separates the 
analysis of temperature field from that of displacement field and makes the problem uncoupled. 
x The temperature gradient is distributed linearly along the principal axis oy of the cross-section with 
temperatures T1 and T2 at the most top and bottom fibre of the cross-section (Fig. 2), but uniformly 
along the principal axis ox and the geometric centroidal axis oz, i.e. the temperature at an arbitrary 
point P is a linear function of its coordinate y, but not a function of its coordinates x and z. Hence, the 
temperature at an arbitrary point P can be expressed as 
  1 2 2 1with and2ave ave
T Ty TT T T T T Ty
h
'   '                          (14)
where h is the overall depth of the cross-section. Because the temperature gradient field is linear, the 
Euler-Bernoulli hypothesis holds during the thermal deformation. 
x The coefficient of thermal expansion Į is independent of the temperature T(y). 
x Because the thermoelastic analysis of slender beams is carried out with the same degree of rigour as 
that accepted in the theory of elasticity, expansions in the direction perpendicular to the beam axis are 
assumed to be so small that they can be disregarded in the analysis. 
Under these assumptions, the differential equations of equilibrium of the beam can be obtained as 
0ivv  and 0wcc                                                                        (15)
in the transverse and axial directions respectively. The boundary conditions can be obtained as 
0, atr
TEI k v z Lv
h
D'§ · ccc    r¨ ¸© ¹
# ,                                                  (16) 
  0 ato wAE w T k w z LDc    r# ,                                                   (17) 
where kr and kw are the stiffness of end rotational and axial restraints. Solving the first equation of 
equation (15) leads to the solution for the transverse displacement as 
 
 
2 2
2 r
EI T L zv
h EI k L
D'  

,                                                                         (18) 
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from which the bending moment along the beam length can be obtained as 
 
r
r
EIk L TTM EI v
hh EI k L
DD ''§ ·cc   ¨ ¸© ¹ 
.                                                    (19) 
Solving the second equation of equation (15) lead to the solution of the axial displacement w as  
o
w
T AEzw
AE k L
D 

,                                                                                (20) 
from which the axial compressive force can be obtained as 
0 1
w
AE
N AE T
AE k L
D § · ¨ ¸© ¹
.                                                                 (21) 
4. Interval Thermoelastic Analysis 
It can be seen from equations (19)-(22) that the solutions for the transverse and axial displacements, and 
for the bending moment and axial compressive force in the real domain are rational functions of the real 
variables L, E, I, A, kr, kw, and Į. The variables L, E, I, A, kr, kw are structural parameters of the beam while 
the variable Į is the thermal expansion parameter of the material. In practice, it is difficult to determine the 
exact value of these parameters. Hence, these parameters are considered to have interval values. For this, 
using equation (3) or (4), the interval Young’s modulus EI, the interval cross-sectional area AI, the interval 
second moment of area of the cross-section II, the interval length of the beam LI, the interval height of the 
cross-section hI, the interval stiffness of the restraints Irk  and 
I
wk , and the interval thermal expansion 
coefficient ĮI are assumed to be given by 
> @ ,,, ''EeEEEE mI    or  ,IFmI EEE                                                    (22) 
The interval central transverse displacement produced by the linear temperature gradient can then be 
extended from equation (18) as 
    
       > @'''''
''''
'''''
'''''
LeLekkIeIEeEheh
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r
m
r
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mmmm
I
c 
 
2
             (23) 
or 
 
2( )
2
m m m m I I I I I
I F F F F F
c m I m m I I m m I I
F F F r rF F
T L E I E I L Lv
h h E I E I k L k L
D D' 

.                                           (24) 
The interval central transverse displacement can then be evaluated by direct using interval arithmetic. 
Equation (23) can also be written as Taylor expression as 
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where  mmrmmmmcmc khLIEvv D,,,,,  and which can be used to calculate the approximate value 
of the interval central transverse displacement. Because the second and higher order terms are ignored in 
the Taylor expression (25), it is accurate only if the errors of the interval parameters EI, II, AI, LI, hI, 
ĮI, Irk ,
I
wk  are very small. The interval axial displacement at the end z = L, the interval bending moment and 
axial compressive force can also evaluated in the same way. 
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5. Numerical Example 
A steel beam with the mean value Em = 200 GPa, Am = 0.0302 m2, Im = 870.1u10-6 m4, hm = 0.240 m, Lm 
= 8.5 m is used in the numerical example. The mean value of stiffness of the end restraints are 
4 52.0491 10 kNm, 7.1025 10 kN/mm mr wk k u  u  and the mean value of the thermal expansion 
coefficient is Į = 10u10-6. The interval ratio values of the interval material parameters EI, Irk , 
I
wk , ĮI, are 
assumed as / / / / 0.02m m m mr r w wE E k k k k D D'  '  '  '  , while those of the interval geometrical 
parameters II, AI, LI, hI are assumed as / / 0.01,m mI I A A'  '   / / 0.01m mL L h h'  '  . When T2 = 
250oC and T1 = 50oC, the interval values of the central transverse displacement, the bending moment, the 
end axial displacement, and the axial compressive force can be calculated using direct interval arithmetic as 
shown in Table 1. 
Table 1: Interval responses 
Response Mean value Lower bound Upper bound Radius 
vI mv  = 7.2669cm v = 6.4707cm v  = 8.0632cm v'  = 0.7962cm 
MI Mm =350.41kNm M =308.56kNm M  =392.26kNm M'  = 41.85kNm 
wI wm =1.2798cm w =1.165cm w  = 1.392cm w'  = 0.1149cm 
NI Nm = 38461kN N = 37307kN N  = 39614kN N'  =1153.6kN 
This example shows that the effects of the uncertainties of material and geometric parameters of the 
elastically restrained beam on the uncertainties of displacements and internal forces of the beam are 
significant.  
6. Conclusions 
An interval thermoelastic analysis for the responses of elastically restrained steel beams under a linear 
temperature gradient has been presented. Uncertainties of the material and geometric parameters of such 
beams and restraints are accounted for by use of interval modelling of the uncertainties. The basic concepts 
of interval arithmetic and the interval valued extension of real functions have been discussed. Interval 
valued functions have been extended from the real functions for the displacements and internal forces of the 
beam that are obtained from the thermoelastic analysis of the beams in the real domain. Both upper and 
lower thermoelastic responses have been calculated from the extended interval functions so that designers 
may have a better understanding of the actual responses of the restrained steel breams under high 
temperature. The numerical example has shown that the effects of the uncertainties of material and 
geometric parameters of the elastically restrained beam on the uncertainties of displacements and internal 
forces of the beam are significant. The interval analysis can also be used to investigate the extremal 
thermoelastic buckling load of beams (Pi et al. 2011). 
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